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Student Presentation

Factorization of 15 on an NMR quantum computer

Based on

L. M. K. Vandersypen, M. Steffen, G. Breyta, C. S. Yannoni, M. H. Sherwood, I. L. Chuang, Experimental realization
of Shor’s quantum factoring algorithm using nuclear magnetic resonance, Nature 414 (2001) 883–887
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Motivation

Prime Factorization
- Classically O(2 l/3 )

- Shor O(l3 )

Factorization of large primes (such as encryption keys) feasible on an ideal
quantum computer

What about Shor’s algorithm on actual quantum computers?

⇒ 15 factorized using compiled algorithms
- 2001: Nuclear spins on a molecule [1]

- 2009: Photons integrated on a chip [2]

- 2012: Phase of Josephson junctions [3]

⇒ as well as 21
- 2012: Photons [4]
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Factorization of 15 using Shor’s algorithm

1 f (x) = ax mod 15
- Possible a = [2 , , 4 , , , 7 , 8 , , , 11 , , 13 , 14 ]

2 Find period r in x of f (x)

- a2 mod 15 = 1 for a = [4 , 11 , 14 ]
⇒ r = 2

- a4 mod 15 = 1 for a = [2 , 7 , 8 , 13 ]
⇒ r = 4

3 gcd(a
r
2 ± 1 , 15)

- gcd(11
2
2 ± 1 , 15) = [gcd(10 , 15), gcd(12 , 15)] = [5 , 3 ]

- gcd( 2
4
2 ± 1 , 15) = [gcd( 3 , 15), gcd( 5 , 15)] = [3 , 5 ]

⇒ Largest period of r is 4



Factorization of 15 using NMR Andrin Doll QSIT Student Presentation May 31, 2013 4 / 12

Introduction NMR exp Summary References

Quantum Implementation

Period finding in x by
inverse QFT

Parallelization
- Qbits in superposition

states to store x and
f (x)

- Exponential scaling of
Hilbert space

⇒ Classically exponential
problem runs in
polynomial time

|1>

|0> Inverse
QFT

H n

ax mod N1

x x
n

m

ψ
1

ψ
2

ψ
3

calculate f(x)init x calculate r

Example:
N = 15, a = 11 ⇒ r = 2
3 qbits for n, 4 qbits for m

ψ1 ∝ |0〉 + |1〉 + |2〉 + |3〉 + |4〉 + |5〉 + |6〉 + |7〉
ψ2 ∝ |0〉 |1〉 + |1〉 |11〉 + |2〉 |1〉 + |3〉 |11〉

+ |4〉 |1〉 + |5〉 |11〉 + |6〉 |1〉 + |7〉 |11〉
= {|0〉 + |2〉 + |4〉 + |6〉} |1〉
+ {|1〉 + |3〉 + |5〉 + |7〉} |11〉

ψ3 ∝ {|0〉 + |4〉} |1〉 | delta comb⇔ delta comb

+ {|0〉 − |4〉} |11〉 | sample shift⇔ linear phase

Readout of ψ3 on n results in superposition of |0〉 and
|4〉, i.e. |000〉 and |100〉

see also lecture notes (the last few slides, but values above for m represent
actual f(x) value.)
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NMR Quantum Computation

Basics [5]

Qbits
- Ensemble of distinguishable and coupled

nuclear spins

- Coherence times > 1 sec

- Highly mixed ground state, ∆E
kT
� 1

Gates
- Single Qbit

- Spin-selective RF pulses, σx , σy or
combination, 0.2 - 2 ms
(and composite σz )

- Double Qbit
- Controlled phase by evolution under J for

t = 1
2J ≈ 5 − 10 ms

Readout
- Weak ensemble measurement of σx and
σy

F F
1

3

2

6

F 12C13C 54

7

C5H5 (CO)2

e

. .

1 24 5 3

[Hz]

F spectrum

1J couplings on 

→ Zeeman terms
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Quantum Circuit for NMR

Qbit assignment
(N = 15)

- rmax = 4 requires
x = 0 ...3

⇒ 2 qbits for n
sufficient, 3 qbits
chosen for exp

- m requires dlog2 (N)e
qbits

Initialization
- Temporal averaging

for pseudopure state

Optimizations
- Gates reduced for

f (x) = ax mod N

⇒ compiled circuits for
a = 11 and a = 7

|1>
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QFT

H n

ax mod N1
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calculate f(x)init x calculate r
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qbit swapping
+ averaging

Specific optimizations 
to reduce gates
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Pulse Sequence

300+ pulses
- π

2
-pulses

- Gaussian-shaped
profile

- Compensation of J

⇒ Selective excitation

- either H or CNOT
= H-CPHASE-H

- π-pulses
- Hermite-shaped

profile

- Compensation of J

⇒ Selective refocusing

- to rewind J, where
unwanted

- z-rotations
- Used for f(x) and

iQFT

calculate f(x)init x calculate r
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Pulse Sequence

300+ pulses
- π

2
-pulses
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profile
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- either H or CNOT
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profile
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- to rewind J, where
unwanted
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Results for a = 11
Expected result:

ψ2 ∝ {|0〉 + |2〉 + |4〉 + |6〉} |1〉

+ {|1〉 + |3〉 + |5〉 + |7〉} |11〉

ψ3 ∝ {|0〉 + |4〉} |1〉

+ {|0〉 − |4〉} |11〉

Analysis of Spectra:

For two spins I and S in pseudo-pure
states a and b, upon a π

2
pulse to I

obs ∝ (−1)a(Ix + (−1)b 2Ix Sz )

⇒ spectral phase reveals state of
observer spin
⇒ actual spectral line depends on
state of coupled spin

here: several spectral peaks due to
multiple spins
detection of observer spin state via
spectral phase

⇒ desired superposition of |000〉
and |100〉, i.e. |0〉 and |4〉
+ artefacts
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Results for a = 7

Expected result:

ψ2 ∝ {|0〉 + |4〉} |1〉

+ {|1〉 + |5〉} |7〉

+ {|2〉 + |6〉} |4〉

+ {|3〉 + |7〉} |13〉

ψ3 ∝ {|0〉 + |2〉 + |4〉 + |6〉} |1〉

+ {|0〉 − i |2〉 − |4〉 + i |6〉} |7〉

+ {|0〉 − |2〉 + |4〉 − |6〉} |4〉

+ {|0〉 + i |2〉 − |4〉 − i |6〉} |13〉

Analysis of Spectra:

detection of observer spin state via
spectral phase

⇒ desired superposition of
|000〉
|010〉
|100〉
|110〉
i.e. |0〉, |2〉, |4〉, |6〉
+ even more pronounced artefacts
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Summary

Successful in-principle demonstration

Calculation of f (x) = ax mod N expensive

⇒ Compiled/optimized algoritm, based on known a and r

Simplest case already prone to decoherence

⇒ Experimental realization very demanding

Main reasons:
- Number of qbits

- 3 log2 (N) for full-scale implementation

- Number of gates
- n(n + 1)/2 for iQFT

plus way more for modular exponentiation

(Factorization of N = 21 using photons [4] was achieved by an iterative decomposition of the iQFT. The execution time was therefore increased,

whereas only one qbit was required for n)
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Figures adopted from [1] or lecture slides
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Questions?
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