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Prime factorization of n-bit integer: 
 

classically requires  exp Θ 𝑛𝑛1/3𝑙𝑙𝑙𝑙𝑙𝑙2/3𝑛𝑛  

 
quantum algorithm 𝑂𝑂 𝑛𝑛2 log𝑛𝑛 log log𝑛𝑛  
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So far … 
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Factoring N 

Finding a nontrivial square root of 1 mod N 

Finding the period r of the function  
 

𝑓𝑓 𝑏𝑏 = 𝑎𝑎𝑏𝑏 mod N 
 
           (fixed a and fixed N) 

Reference: [2],[4] 



Quantum Fourier Transform 
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𝜔𝜔 = 𝑒𝑒
2𝜋𝜋𝜋𝜋
𝑀𝑀  

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 |0⟩ = 𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀

1
0
⋮
0

=
1
𝑀𝑀
� |𝑥𝑥⟩
𝑀𝑀−1

𝑥𝑥=𝑖𝑖

 

m qubits 
 

Example 

𝑀𝑀 = 2𝑚𝑚 

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 

Reference: [4] 



Quantum Fourier Transform 
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(suppose 𝑀𝑀 = 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 ) 

1) 
Input has period r 
Output has period M/r 
  

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀|𝛼𝛼⟩ = |𝛽𝛽⟩ 

Reference: [2],[4] 



Quantum Fourier Transform 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀|𝛼𝛼⟩ = |𝛽𝛽⟩ 

(suppose 𝑀𝑀 = 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 ) 

1) 
Input has period r 
Output has period M/r 
2) 
𝜷𝜷𝒙𝒙 𝟐𝟐 doesn’t change if  

input is shifted 
  

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀|𝛼𝛼′⟩ = |𝛽𝛽⟩ 

Reference: [2],[4] 



Period finding 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 
𝑈𝑈𝑓𝑓 𝑈𝑈𝑓𝑓 
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Reference: [2],[4] 



Period finding 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 
𝑈𝑈𝑓𝑓 

|0⟩ 

𝑓𝑓 𝑏𝑏 = 2𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚 21 
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|𝑎𝑎⟩ =? 

outcome = 8 
outcome = 11 

|𝑎𝑎⟩ has period r 
but different offsets 



Period finding 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 
𝑈𝑈𝑓𝑓 

|0⟩ 

𝑓𝑓 𝑏𝑏 = 2𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚 21 

|0⟩ 
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|𝑓𝑓(𝑥𝑥)⟩ 

|𝑎𝑎⟩ 

outcome = 8 
outcome = 11 

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 =? 

|𝑎𝑎⟩ has period r 
but different offsets 



Quantum Fourier Transform 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀|𝛼𝛼⟩ = |𝛽𝛽⟩ 

(suppose 𝑀𝑀 = 0 𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 ) 

1) 
Input has period r 
Output has period M/r 
2) 
𝜷𝜷𝒙𝒙 𝟐𝟐 doesn’t change if  

input is shifted 
  

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀|𝛼𝛼′⟩ = |𝛽𝛽⟩ 

Reference: [2],[4] 



Period finding 
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𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 
𝑈𝑈𝑓𝑓 

|0⟩ 

𝑓𝑓 𝑏𝑏 = 2𝑏𝑏 𝑚𝑚𝑚𝑚𝑚𝑚 21 
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|𝑎𝑎⟩ 

outcome = 8 
outcome = 11 

|𝑎𝑎⟩ has period r 
but different offsets 

𝑄𝑄𝑄𝑄𝑄𝑄𝑀𝑀 =? 

Output: 
Multiples of M/r 



Period finding 

 Quantum circuit outputs s random multiples of M/r 
     With probability 1 − 𝑘𝑘/2𝑠𝑠, gcd of these outputs will be M/r.  
 
 Assumption that M is a multiple of the period r is not 

necessary. Choose M to be a power of 2 and 𝑀𝑀 ≈ 𝑁𝑁2  
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Reference: [2] 



Thank you for your attention! 
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